DYNAMICAL THEORY OF ELECTRON DIFFRACTION

sind die als WeLkErsche Regel bekannt gewordenen
GesetzmiBigkeiten 13 und der von Gursier gefundene
Zusammenhang zwischen der Breite der verbotenen
Zone und dem partiellen Ionencharakter der Bin-
dung bei Tetraederstruktur 4. Bei unregelmaBiger
Anordnung von gleichen Atomen, wie z. B. in ato-
maren Schmelzen, trifft die linke Halfte der Abb. 1
zu, in der keine Energieliicke vorhanden ist. Daher
gehen halbleitende Elemente in metallisch leitende
Schmelzen tiber.

Die einfache Abhidngigkeit des lonencharakters
einer Verbindung von der Atom- und Elektronen-
dichte sowie von atomaren Groflen 1dBit noch eine
thermodynamische Deutung des Bindungszustandes
zu. Vergleicht man ndmlich den Exponentialansatz
(1) fir die Wahrscheinlichkeiten mit dem Bovrz-
mann-Faktor, dann entspricht der Grofle 51 gerade

13 H. WeLker, Z. Naturforschg. 7 a, 744 [1952].

367

die thermische Energie R T (R = Gaskonstante) eines
Mols von Borrzmann-Teilchen. Bei vorgegebenem
p~! im Festkorper bzw. RT im Borrzman~-Gas ist
damit die Verteilung des Systems auf die einzelnen
Energieniveaus bestimmt. Da diese Verteilung dem
Zustand maximaler Entropie entspricht, 1aBt sich der
Bindungszustand, wenigstens formal, wie folgt be-
schreiben: Bei konstanter Dichte (und damit kon-
stantem Volumen) ist die als innere Energie auf-
tretende Austauschenergie S~! ebenfalls konstant.
Von allen hiermit vertraglichen Bindungszustinden
ist dann derjenige realisiert, fiir den die Entropie ein
Maximum wird.

Ich danke den Herren Dr. Gursier und Dr. Litce-
merer fiir zahlreiche wertvolle Diskussionen und Frl.
Dick fiir ihre sorgfdltige Mithilfe bei der numerischen
Rechenarbeit.

4 H. Gursier, Vortrag auf der Tagung des Fachausschusses
Halbleiter, Miinchen, April 1964.
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The dynamical theory of electron diffraction for a finite crystal is developed by using higher
Bory approximations. The general formula obtained here is applied to wedge-shaped and spherical
crystals. In the latter case, the intensity, integrated intensity and line breadth of the Depve—
ScHerRER ring are calculated. The results indicate an anomaly of line breadth.

The intensity of DEBYE—ScHERRER rings in elec-
tron diffraction has recently been studied by many
workers and the results have been compared with
the theory. The theoretical treatments have been,
however, based on the assumption of an infinite
parallel-sided crystal. This assumption is usually
not adequate to the experimental conditions.

Kato ! has extended the dynamical theory to the
case of a finite polyhedral crystal using the bound-
ary conditions of Kircurorr. According to his re-
sult, the wave function of the transmitted electron
is represented by the product of the diffraction
functions of the entrance and exit surface and the

* On leave from the University of Tokyo, College of General
Education, Tokyo, Japan.
*#* Abteilung Prof. Dr. K. MovLIERE.

wave function obtained from the usual dynamical
theory.

On the other hand, the Born approximation has
recently been developed by Fexcrer? for the case
of a finite crystal. He has calculated exactly the
second order approximation for a spherical crystal
and compared the result with that for a parallel-
sided crystal.

In the present paper, we intend to develope Fenc-
LER’s theory and to apply it to the Lauk-case for
wedge-shaped and spherical crystal form. In the
latter case, moreover, we calculate the intensity,
integrated intensity, and line breadth of the DeBye—
SCHERRER ring.

Karo, J. Phys. Soc. Japan 7, 397, 406 [1952].
FexcLEr, Z. Naturforschg. 16 a, 1205 [1961].
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§ 1. Fengler’s Theory 2
The wave function of the scattered electron, l,z'(r), should satisfy the integral equation
(1) —exp(i K, 1) fc ) VF) p(r) d(r) , (1)
where K, is the wave vector of the incident electron in the vacuum and ¥ (r) is the potential energy.
GrEEN’s function, G (7, 1), is given by

C(r.v) = li 1 exp[i k (r—r’)] _ 1 expliK,|r—r’ |]
(r¥y=lim L [emliklorilgg . L opbEle 2)

The other notations have their usual meaning. When the crystal is finite, the potential energy of the
electron can be represented by

. 2hr2n V(r)=c(r) Do explib, 1), (3)

where b, is a reciprocal lattice vector multiplied by 2 7 and ¢(r) the shape function, namely,

¢(r) =1 inside the crystal, ¢(7) =0 outside the crystal.

For getting Borx’s expansion, we put () =) +pD(r) +... . (4)
Beginning with O (r)=exp(i K, 1) , we obtain by iteration
W (1) = 9'" I f ] GCr,r) G(ry, 1) ... G(T, 1, 1)

(rl) Viry ... V(r,) exp(i Ky1,)d(ry) ...d(1,). (5)

We choose the coordinate origin inside the crystal and assume that r>r; (i=1, 2,...). Then we may
use, instead of (2), the asymptotic form of GreeN’s function, namely,

G(r,ry) =— exP(lK 1) exp(—i1Kr)). (6)

where K is the scattering vector having the length K,.
Substituting (2), (3) and (6) into (4) and (5), we can rewrite the wave function using a scattering

amplitude, F (K, K), as follows:
y(r) =exp(iK,1) + “PCRD PR K,), FK.K) - XF(KK)- XSFP (KK, (D)

where F), (K, K,) is the scattering amplitude for the A-reflection and F),™ (K, Ko) is given by
— —19 72 Ay
F,™(K,K,) = (7" Uk — g1 Vgs—gs ++e Vgu
" 0 (2 )3n Ul-f/?f-‘,gnfl =i e S
R / ST / expli(kn-1— K+ b - !11) ril expli(kn-2— ky_1+ bgy_g) 1] ... exp[i(Ko — k1 + bg,) ry] (8)
(K n 1+15n 1) (Ko _kn~ +iey_2) . (’02_1\'12‘}‘1'51)

e(Py) e(1y) ... e(ry) d(1y) ... d (,,)-d(kl)...d(k,z,l).

The integrations over 7y, Ty,... in (8) produce the diffraction functions of c(7y), ¢(71),..., respec-
tively. If the crystal is not too small, the product of these diffraction functions has a large value only if
simultaneously the following relations are nearly satisfied:

k1=K0+bgn_IEKg,,_1, k.z:KO-f—bg,,,gEKgn_Q, & and K:KO—I-b/LEKh.
If we separate the integral over k; into the radial part and surface part, the latter can be approximat-

ed by a surface integral over the plane perpendicular to Ky, _;, because the curvature of the Ewarp
sphere is very small. Therefore, it is easily seen from Fig. 1 that we can write

ki_l{gn—i2 [(ki"Kgn—i)/KVn—i] K.‘Iu—i"‘ ;. (9)
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Substituting (9) into (8) and integrating over x;, we get

N _l)n——l ANl
Fm(K Ky = D S vy vy
1K Ko) = oy e =g, Vim0 T Vs

' ; —i Ky (r—rs i (kn—1/Kgy) Ky, (ry — )]
[ . / exp(—iy,r,) OPL=iKalr (;{33%5}:1 iﬂgﬂl{ ,1,)0'1},,,-!,(!,!*,_’&*

v expl—iKons (ra1 — ra)] explithy/Kynni) Kgnr(Tna —rall (1
o (K2—k2tie)
oY —PP) (R D —rP V) e(ry) . .ce(r) d(ry) ... d(1,) dky...dE,_q,
where 1) in the d-functions is the projection of the vector ¥; on the plane perpendicular to Ky;-
X 1s given by
K=K+ . (11)

We call %, the “vectorial excitation error” (Fig. 2). The o-functions in (10) indicate that in the integra-
tions 7;— 1,1 is to be taken parallel to Ky;.

Fig. 1.

The integrals over k; in (10) are to be evaluated by contour integration on the complex k;-
plane. For Ky, ;" (?,_;—7,,1_;) >0, we have to take the contour on the upper k;-plane, and for
Ky, i (ry_i—Ty.1_:) <0, on the lower k;-plane. The former represents a forward scattered and the latter
a backward scattered wave. As the backward scattering is generally small, we may neglect the correspond-
ing parts of the integrations.

Putting 84;=Kyi/Kg; and adopting the “scalar excitation error” (see Fig. 2)

0gi=Ky— Ky; , we obtain (12)

F (K Ky = () X v gt Vg [ exp(—i Xa 1) explige 8y, (1 —72)]
47 \2K, J1,0200efn 1 -

o expliog,_18gn_1(Puo1—1,)]1 0(FY — D) ..o — W) -e(ry) ...c(r,) d(ry) ...d(r,). (13)

The repeated integrations are to be performed under the conditions

Sgi" (ri—71.1) 20, i=1,2,...,(n—1). (13 a)

§ 2. General Formulae

FencLEr applied (13) to a spherical and a parallel-sided crystal and discussed his results only up to
the second order Born-approximation. In this section we consider the complete scattering amplitude (7)
and try to obtain an approximative evaluation of the integrals in (13) for an arbitrary crystal shape.
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Let us consider the integration over 7, in (13). We choose the z,-axis arbitrarily, the angle be-
tween this axis and the vector 8y, _; being ¥y, 1, the z,- and y,-axis parallel and perpendicular respec-
tively to the common plane of Sy, ; and the z,-axis. On the other hand we introduce, instead of z,, a new
oblique £,-axis defined by &, =cos ¥y, 1 x, —sin ¥y, 1'2,, perpendicular to Sy, ;. Then we have

E d (r»=1
d(7,) = dz, dy, dz, = Sndyndsm _ QU N dzy
cos 19911—1 cos ﬁgn——l

where d(r,”~1) is the element of area normal toS;, ;. The vector T, may be split into the following
two components:

r,=1,0"D+ (-:n tan g, ¢+ on \s!fn 1.
cos Bg,—y/
(n—1)

Integrating over T, (i. e. over d&,dy,) in (13), we obtain

/‘ /‘ /' exp[i*gyn—lsgn—](rlhl—rn)] 6("(1'::}) —ﬂz” _1)) C(,rn) d(rn)

i

2K,.
i s =
= T /exp[l@;n 1 (Z,,..1~Z,,)] c(rn—l_‘sﬂn—lsﬂn—l) dzna
2 In—1 J
with the following abbreviations (cf. Fig. 2):
Igi= K, cos Dai s 0gi =199i/005 Vg = (Ko — K!/i)/COS P, Loi= (% —Zi+1)/005 Byi. (14)
We integrate now over "7, =P, .., r@, rY with the same procedure, using a common z;-axis,
and obtain
K A \ Vii—gy Vgy—gs Vg, —
F,W(K. K, = 0 < ) D Vh-g1 Yg1-g2  Ygn—1
(K, 0) 2ai\2) grgerwgn L Ty, Lgn—s
[ [expl—ipu T ®] [ [expl—i(g] —05) z1] ... expl—i(0fus —0u ) 20 1] (15)
n—1
exp[ —i0fa1za] c(1y) c(y— L4, 8,) e (ry— X &y, 8y,) “dz,...dz d(r,®).
=
The meaning of ;s is shown in Fig. 2: Pus =Xn—0,° 2%, (16)

where 29 is the unit vector of the z-direction. 7,

pendicular to K, .

We assume that it is possible to regard some part of the crystal surface as the entrance-surface, the re-
maining part as the exit-surface for the transmitted electrons (Laug-case). We consider some point P,
on the exit-surface, with the coordinates r;"), z, (cf. Fig. 3). For each term of the summation in (15)
the z-axis may be chosen in such a way that ¥y;<7/2 for all g;. The conditions (13 a) may now be

is the projection of the vector r; on the plane per-

written {y; = O for all g;, or, in other words: z; = z, = ... = z,. A zig-zagline connecting the points
given by the arguments of the shape functions in (15) can be interpreted as a special process of multiple
scattering. For a given set of indices h, gy, ..., g, 1 all corresponding zig-zag-lines are going through

a conical region of the crystal with vertex at P,, cutting a surface element P.! P.2 out of the entrance-
surface.

m—1

It can easily be seen that the argument of the m-th shape-function, namely the vector r,—> s, .

=
has the component z,, in the z-direction. [In each of the integrations, therefore, the shape-function defining
the limits of integration is shifted by some amount perpendicular to the z-axis with respect to the shape-
functions of the other integrations.] If the entrance surface element P,!P.? for a definite exit point P,

would be a plane perpendicular to the z-axis, it would be possible to drop the functions
n—1

c(ry—Cp18g1) - (T — :1 {4»85) in the integrand and to write the multiple-integral in the form
E

Za 21 Zn-1

// .f,,.dz,,...dz2dzl,

where z. and z, are the z-coordinates of the P.! P.2-plane and P, respectively.
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We assume now that the actual crystal shape is such that the normals of the crystal faces are not too
much inclined with respect to the z-axis. It will be, then, a reasonable approximative procedure to neglect
the effect of the convolution with the laterally shifted shape-functions at all, and to write

\ K, [1\" \ V) - Vg,—
F,®(K.K.) = 0() b¥ g1 ... Ygn—1
" (K, 0) 270 '\2) grgegns Th s
3 2a(rm) 21 22
[ [expl—i iy "] [expl —i(of —0i) 2] [ expl —i(gh —f) 2] [ (17)
) ze(r(™) 2e(rm) ze(rM)
Zn-2 Zn‘l
feXP[—l(QZ,. 2 "ng]n 1) zn—l] j exp[’_i@;n—lzn]'dzn dzn—l"' dz2dz1 d(r',ﬂ) .
Ze(r M) Ze(FM)

Here z, =z, (r") is to be understood as the equation of the exit-surface and z, is the z-coordinate of
some point P, of the entrance-surface attributed to the point (r”’, z,) of the exit-surface (cf. Fig.3) 2.

(==

For the complete scattering amplitude F,= > F,", one obtains
n=1
Fu(K,Kg) = 50 [ [ expl—ipur™] ¥ya(r®), z(r"))d(r"), (18)
LS
where P (ze, za) = {25 (M) }1o (19)

is the hO-element of the “Q-matrix”’ 3

Q2(M) =1+ [M(z) dzy+ [M(zy) [ M(z) deadzy+ ... + [ M(z) [+ -"fM(zn) dzy...dz+ ...

and M is a matrix with the elements

Mg gr.= % i(vgj—gr/I'g;) expl —i(Q;ZJj _lelk) z] .

Fustwara * and the present author® have given an evaluation of the multiple integral appearing in (17)

Zn_

Za 2y 1 .
(@)" [ exp[ —i(gf, —03) z1] [ ... [exp[ —i0j 2] dz,...dz
Ze

Ze Ze
n—1 . n=l1
; :,D]— - 20
—exp i, 7] 5 exp[i 97,;:7 1—1 IT [eZ —gb) % (20)
»=() 9, n=0
(utv)

where we have written g, instead of h for convenience, and z, —z.=D.

The present theory (as FENGLER’s) is, however, different from the mentioned theories in the following
points: K is not the wave vector in the crystal with the mean inner potential V,, but in the vacuum, and
0,° is defined by the EwaLp-construction using the wave vectors in the vacuum. The summation over
&s-+->8u-1in (17) includes therefore the terms with g, =h, gs=g;,...,8,-1=0 which contain the
mean potential vy. An “addition-theorem” in the theory of the Q-matrix? gives the possibility to get
rid of these terms. As shown in the Appendix, we obtain, instead of equation (17),

24 z. is an average z-coordinate of the points of the element Pq! Pe2 of the entrance surface. ze will be fairly well defined if
this surface element is assumed to be small. This assump tion will be justified if only scattering through very small angles
gives important contributions in the expansion (15). This is equivalent to the so-called column-approximation.

3 F. R. GaxtmacHERr, Matrizenrechnung, Deutscher Verlag der Wissenschaften, Berlin 1959, Vol. II, p. 110.

4 K. Fustwara, J. Phys. Soc. Japan 14, 1513 [1959].

5 F. Fusimoro, J. Phys. Soc. Japan 14, 1558 [1959] ; 15, 859 [1960].



372 F.FUJIMOTO

(n) - KO A% 3 Vh-g1 Ygn—1
fi (K Ky) = 2 () ML 0
- T i (h) Vg (Za (F™)  ze (r®) }
H exp[ —iPps "] exp |i 2( I T, ) (21)
Za(r ) o ) .
jexp[~z Pi—Pg) 71] J jexp[—tpg,,kizn]'dz,,...dzl d(r?)
2o(r) 2e(rM) ze(rtv)

and Fi(K,K)) = Y f/"“ (K, K,).

where pg; is a redefined excitation-error by the EwaLp-construction using the wave vectors in the crystal
room of mean inner potential v, .

Pygj —Oz + )UO l/rqj—]/ro) (22)

Fig. 4.

The prime at the summation symbol indicates that all terms containing v, are to be left out. (19) is also
to be rewritten as

Wi (2o 22) =exp i 20 (72 — 22 |y (20 2a), (23)
0
where Y (Zm Zu) = {-ng (M) }/I() (24‘)

and M is the matrix with elements
My g = % i(vaj—or/1'g;) exp[ —i(pg; — pox) 2] (1 —Bgjgr).

The exponential factor in (23) represents the phase shift caused by the difference between the wave vec-
tors in the vacuum and in the crystal. (24) is the Born-series factor appearing in the theory of scatter-
ing from a parallel sided crystal* * and the {2-matrix is the same as the scattering matrix obtained by
the present author®. In that case the transmitted wave of the A-reflection has the well-known form

\Fh Fo)

"'h(.r) :7/"/1(30’ z:l) exp {2 (’Z’:L

exp [Z(Kh -+ th ZO) T] “

(18) gives the scattering amplitude from a crystal with arbitrary shape under the assumption that
the normal of the entrance surface is not too much inclined to the z-axis. In the case of high electron

energy we can frequently assume that ¥, >, ==...>1,, 1>, approximately. py; is in this case
gy q g1 o app Y- Poi
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equal to 0); and we obtain, instead of (17),

( K N\ Uh —gyVgy—gs - - Vgp— :
F, (K. K, = 0 L ~g1V91-92 In—=1 exn ( — r
e e AR e (25)
n—1 exp (i 0g, Dy) —1 n—1 _ »
gt Ei e e 11 (‘90,. - 9!/,, ) g d(r:t(“)y
v=0 Qg» u=0
()
using the relations (14, (20) and XiToa=01% 2.+ Qs T2™, and putting h = g, in the summation.

Here Dy = (z, —z.) [cos ¥}y means the path length of the electron in the crystal and is independent of the
selection of the z-axis as well as the other quantities. (25), and consequently (18), is therefore approxi-
mately valid for an arbitrarily chosen coordinate system. This fact can be understood from the situation
that the surface element P.! P2 in Fig. 3 is infinitely small and, therefore, z, is definitely determined.
In this case (18) agrees with the formula obtained by Kato!. We shall discuss the applicability of (18)
more precisely in a later section.

In the following sections we shall make use of (18) with another interpretation of vy (z,, z,). Namely,
we shall identify (24) with the A-reflection amplitude from a parallel sided crystal, calculated by the
dynamical two-wave approximation. We can verify easily by the usual procedure® that in this approxi-
mation

ok

Ya(ee,2) =i |/ o St sin [22% V24 @ 2] exp [ 2% py|expl —ipuz]  (26)

2

with the abbreviation ah=v/,/l/ﬁ1ﬁ;, .

§ 3. Wedge-Shaped Crystal

In order to compare the present theory with the usual dynamical theory, we apply (18) to a wedge-
shaped crystal. For simplicity, we consider the case where the primary beam is perpendicular to the edge
of the crystal and we put I', 22 I') =K cos ¥}, and consequently p;, = 9,° approximately. The geometrical
conditions are shown in Fig. 4.

We choose the z-axis parallel to the normal of the entrance surface, the z- and y-axes on the entrance
surface along the crystal edge and perpendicular to it, respectively. If we substitute (26) into (18), we
obtain

Yo T

_ K . an . . . @i(a_ﬂ)
Fi (K, K, = 37 Viom il / / sin(pz) exp(i gz) exp(—1i 0 y) e a dx dy (27)
) Y 0
with p=ttana V(o) + @ [? g= —ons E‘Ec(:s—aﬁ) - zl> ta““(ef— }".;)’ (28)

where a is the angle of the wedge and 0x: and o1, are the components of p,s normal and parallel to the
crystal edge, respectively. z, and y, are the coordinates of the contours of an aperture placed on the exit
surface. After the integration we obtain the following expression for the intensity:

_| |2 cos@—=9) | _ K¢ |ap[* cos(a—d) 1
Li=Fu(K, K,)]| /[2 To Yo cos a T 2a% (op)2+|an|?  cosa (P*—q) z, (29)
) 2p . 2 (Ptgq ) 2p . 2 (P—q ) sin® (94, ¥o)
+| —sin x ——sIn* [—=1x,| + - s1n Zo || —— -
[ (po) + ptq ( 2 %7 p—g ( 2 U (on)?ye

I, do> represents the probability of scattering of one electron into the solid-angle-element dw. If we con-
sider the limiting case z,, y,— ~ , we get

K2 lan|? ,COS(QT&'),I[& p+q’ p—q} ;
Iy= el oGt 2 la(21e) 1 o(2; )6@/,,,), (30)

since the first term in the bracket in (29) vanishes.

6 See, for example, Z.G. Pixsker, Electron Diffraction (Engl. ed. 1953 Butterworth Sci. Publ. London 1953).
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(30) shows that the diffraction spot splits into two sharp peaks, the positions of the peaks being re-
presented by p= 1 ¢. When we use (28) and 0,° = 0,/cos ¢ where g, is the usual scalar resonance error
(Fig. 2), the positions of the peaks are given by

Ohs 1 [

/ T T2 i
one = —o,t 1/ 0,2 v|? | _sina 31
N 2cos? | K, L ‘ o+ (=)

K2 | cos(a—d) "

The first term in (31) represents the refraction effect caused by the mean inner potential and the second
term shows the double refraction caused by the existence of two wave fields. The formula is identical with
that obtained by the usual dynamical theory!.

§ 4. Spherical Crystal

a) Scattering Amplitude

In this section we intend to apply (18) to a spherical crystal which is held in a parallel sided poly-
crystalline foil. If the spherical crystal nearly satisfies the Brace condition and the other crystallites do
not, we may put v,=0.

We choose the z-axis in the direction of the incident beam and the origin of the cylindrical coordinate
system (z. r, ¢) on the center of the spherical crystal with radius R. z. and z, are then given by

Ze = —VR2—T"), Z:LZVRz’*’g, (32)

respectively. We assume again 9, >29,=0 approximately, which means 0,°=9, and a,=v,/K,.
Substituting (26) and (32) into (18), we obtain
R 2a

_ K _an - T 2 _ .9 21,12 &
FuK Ky = g0 o [ [SinlVE =2 Vo +]a|*] exp(—ius rcosg) rdpdr,  (33)
0 0

where ¢ is the angle between p;; and 1,™. After the integration over ¢, we get, substituting r=Rsint,
R

F(K,K,) = Ko an fsin[l/R2 12 Vo2 +|an|?] Jo(onst) rdr

1/91,2+[a11fé6 (34)

a2
R Ky an [ sin[R Vo2 +|a,|2cost] “Jo(Royssint) costsintde,
0
where J;, is the O-th order BesseL function. Using the well-known integral representation of the 1-st order
spherical BesseL function 7, namely,

a2

j1(2) = 1 g /sin(z cos cost) Jo(zsin¥ sint) costsintde
cos P .,
0
and putting zcos® =R Vo2 + lay |2, zsin®=Roy,
we obtain FiK Ky = BKa  Ryp2+|a]?) . (35)
Vari+an|?
The kinematical value corresponding to (35) is F;*(K, K,) = R2] f}:’la—h (R . (35"

(35) shows that the intensity distribution in the dynamical scattering theory has a spherical symmetry
as in the kinematical case.

7 P. M. Morse and H. Fesusacu, Methods of Theoretical Physics, McGraw-Hill, New York 1953, Vol. II, p. 1575.
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b) Line Profile of a Debye—Scherrer Ring

When we choose the rectangular coordinates as shown in Fig. 5, the line profile of the DEBYE—ScHERRER
g g P
ring is expressed by

P 2 7 A 1 | P
1 (ne) = /le/z|~ = dZ/w'K dyny = 2b11K ff!FhIZdlhydllzy’
. 0 h Ko

47 bp? (36)

where the subindices in y; denote the components of ¥, . The coefficient 2 b,/ (47 b,%) is due to the
averaging over all crystal orientations. Substituting (35) into (36) and transforming the integral from
y — z coordinates to polar coordinates (y,, @), we get

oo 2.7
RKy|an? [ [ 1 . 2 2 2
1 ="hia / Lhp (R @ |2) dp d)
h(lhr) 2 by z}‘.p+x}fz+lah 2 J1 ( Vxhp + L ha +‘ h‘ ) P dYnp
oc
:zR4K0§ah12[ Zhp PRV AE 2w Tar B
= ‘ e T +Aret|@ d
b 6 Zip+l%x+[0h ‘2]1 ( Vx’m Lhx | Qh | ) th
oo
4 2 1.
_ BB |y | Lz de.
b t

RVyie + |ay|®

After the integration, we obtain

aRK|aP 1 [

4 by L+ an |?

I (xnz) = _ sin2R VZE,I +] an ) sin®(R Vyi:+| an IZ)}

R V7yi.+|anl? R Vi +|anl? (37)

T R2K,y|ay 2 1 [ 1 . T
= . 5 - +2n,(2R -+ al2)],
4 by, 2re+an|? 2 R2(y 3.+ an ) 1 Vit +| 2k
I
]max

Fig. 6. Line profile of the Desye—Scuerrer ring from a spheri-
cal crystal. The variables S and A4 are given by (38) and

Fig. 5. (45), respectively.
where nilg) = = 258 sin 2 (37) becomes
1 22 z ] (S) xR K,
L e I T
bn(1 2
is the 1-st order spherical Neumann function. . +52) S
If we rewrite (37) with the new parameters '{1 + A2(1+ 5% +2n,(4 V1+S")}- (39)

== ’;’ A=2R|a;|=D|a], (38)

| an

| 1)

(D: diameter),

The corresponding kinematical formula is

2 ’
LX(S) = ”;f,f;; [1 b2+ 2ny(45) } . (39)
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In the limiting case, 4— ~ , (39) becomes
7 R*K,
Ih (S) 4 by, (1+Si) (4‘0)

(39) and (40) are shown in Fig. 6.

c¢) Integrated Intensity
The integrated intensity can be expressed by
1
In= K, '[Ih dXIzr- (‘1‘1)

On the other hand, we can rewrite (39) as follows:

T R*K, sin(z Y1+ 5% ’

I, (S) = 25, A;// T dx dx (42)
& T
. L Sil’l (1? V1+52) ’ 7
g / / / Jire drdx’ dz”"|.
0 0
Substituting (42) into (41), we obtain 7
I 2 H [Jo(x) B da
(43)

2 @

[ /,] (2) dz dz’” dz”

This formula corresponds to Brackman’s formula ®
which was calculated for a parallel sided crystal,
namely,

Jp = Zlanl f Jo(z) dz (44)

4 by

where A"=H |a;| and H is the crystal thickness.

In order to compare (43) with (44), we should
take the integrated intensity for unit volume of the
scatterer and rewrite the formulae in an expanded
form. Moreover, it is convenient to use a parameter

A given by

A=D|a,| (D=Y4n/3R),  (45)

instead of A, where D is the mean grain size. The
results are as follows:

s/2y _ AlanlP[y 1 4 1
Bl (47 RY3) = = ot [1 A+

20 746.7

_alanfP[y_ 1 2 1 4
T4y, [1 12.99 4% 315.1 4 } (46)

8 M. Brackmax, Proc. Roy. Soc., Lond. A 173, 68 [1939].

A4~...]
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and
B . 7Iahl2 . 1” ’9 1 < T -
T ="y ’ A Tyt )
where the factor
Ii¥=a|ay|2/(4b) (48)

is the integrated intensity calculated by the kine-
matical theory. As we see from (46) and (47), the
discrepancy between the integrated intensities ob-
tained from a spherical and a parallel plate crystal
is very small in the case of small 4 and A’". These
results are shown in Fig. 7.

o M 3

2

S 12r

g

g 08}

e

=

L g4t 2

3

"S 02r 1

& 1 1 1 1
% 1 2 3 4 5

— By,

——— Hw, /K,

Fig. 7. Ratios of the integrated intensities and line breadths
to the corresponding kinematical values. Curve 1: Integrated
intensity calculated for a parallel sided crystal (Brackman’s
curve). Curve 2: Integrated intensity calculated for a spheri-
cal crystal. Curve 3: Line breadth of the DeByE—ScHERRER
ring calculated for a spherical crystal. — The abscissa is
H vy/K, for Curve 1 and D vj;/K, for Curves 2 and 3.

In the limiting case, 4 and 4A'— o , the integrat-
ed intensities for unit area of entrance surface be-
come

LjaR— 7|,/ (4b;) ,

]/eB_> T ‘ aj, !/ (4 by) (49)

This agreement is reasonable from the physical
point of view.
d) Line Breadth of a Debye—Scherrer Ring

The integral line breadth of the DEBYE-ScHERRER
ring is given by

B=I/1,(0) . (50)

When we put (39) and (43) into (50), and express

(50) in an expanded form, the integral breadth is
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given by

42 1op, 1

g+ : A4 —. ..
P=35p |1 180 3860.4

(51)
where % is the pE BrocLiE-wave length. Here the fac-
tor

pc=44/(3D) (52)

is the kinematical value of the integral breadth ob-
tained by Stokes and WiLson?. (51) indicates that
the magnitude 5 D/Z is not a constant but rather a
function of 4, D and v, . The discrepancy between
the kinematical value and the dynamical one is, how-
ever, much smaller than in the case of the integrated
intensity, as far as A is very small. In the region
of large A, we must calculate more accurately. The
result is shown in Fig. 7. This result indicates that
the integral breadth departs from the kinematical
value at some value of 4 and the difference in-
creases rapidly with 4.
In the limiting
B/ (| vy |/Ky2) becomes

B (v |/Ko?) — .

In Fig. 8, we show the variations of /(| vy |/Ky?)
and B/ (| vy |/Ke2) -

10

case, A— o, the value

(53)

B
v, /K. 8F

6‘._

1 1

0 2 4 6 8
By,

o

Fig. 8. The line breadth of the Desve—Scuerrer ring calcu-

lated for a spherical crystal. Curve 1: Curve obtained by the

present theory. Curve 2: Kinematical curve. Curve 3: Value
of Curve 1 in the limiting case, D vj/K,— o© .

§ 5. Comparison with Experiment

The dynamic effect of the integrated intensity has
been recently studied experimentally by many wor-
kers. In any case, we cannot say whether the crystal-

9 A.R.Srokes and A.]J.C. WiLson, Proc. Cambridge Phil.
Soc. 38, 313 [1942].
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lites in the foil have a spherical or parallel sided
form. It may be reasonable, however, to consider
that a film, which has been very carefully prepared,
consists of crystallites of a nearly spherical form.
As one of the recent experiments we can cite the
study of Horstmany and Mever 1® who investigated
the scattering from aluminium. They prepared the
foils carefully and measured only elastic scattering.
In the following we shall compare their results with
our theory.

As we can see in Fig. 7, the difference between
the integrated intensity calculated by Brackman’s
formula and that obtained by the present theory is
very small. If we use the grain size D', which is
given by the usual Scuerrer formula f=2/D’, in-
stead of D, given by (52), both curves agree almost
completely. On the other hand, the experimental
values show very good agreement with the theoreti-
cal ones except the values for higher order reflec-
tions, though there is a small difference between the
best fitting grain size, Dgy, , and the observed one,
D,. When we consider the experimental accuracy,
the error of the ScHERRER constant or of the distri-
bution of grain size, it is almost impossible to dis-
tinguish experimentally the values of the integrated
intensity which are calculated for a parallel sided
crystal and for a spherical one. A larger difference
can rather be found in the line breadths.

PERATN 10
B/B
9
12r
7 8
1.0 :
10
0’80 1 2 3 4 5

——— Dy /K,

Fig.9. Experimental values of the line breadth of Desve-—
Scuerrer rings from Al compared with the theoretical curve.
Circle: 111-reflection, Triangle: 200-reflection and Rectangle:
220-reflection. Numbers indicate the sample number. Observ-
ed grain size of each sample is 260 A for No. 10, 210 A for
No. 9, 150 A for No. 8 and 110 A for No. 7. As experimental
values the average values in the range of accelerating voltages
between 20 kV and 50 kV have been taken.

10 M. Horstvaxy and G. Meyver, Acta Cryst. 15, 271 [1962].
— Ay, in their work is half our 4.
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Horstmany  and Mavyer’s  line
breadths ! their values f/2 as function of D v, for
most of the reflections lie on a straight line except
for the 111- and 200-reflections. The line breadths
of the 111- and 200-reflections are larger than the
values for the other reflections and the difference

As concerns

increases with the grain size. Though the straight
line is not parallel to the abscissa, since there is
some strain in the crystallites, we take the straight
line as the kinematical value for each reflection. The
ratios of the observed values to the kinematical ones
for each reflection and each grain size are shown in
Fig. 9. The horizontal lines indicate the range of
error due to the fact that the observed values are
mean values for accelerating voltages from 20 kV to
50 kV.

The results agree well with the theoretical curve.
This may indicate that the crystallites in the foil have
not the form of parallel sided plates. For the 200-
reflection, the line breadth is larger than the kine-
matical one even in the case of small grain sizes. The
reason may be that the crystallites are not com-
pletely spherical.

Fh(Ka KO) = 21201 [[GXP( _i P/IS rn(h))

. — / 2 2 \
. sm(—za . i l/ (o17)* + ]I’:lelj) exp (— 10)° za;—ze Jd(r, ")

F.FUJIMOTO

In this section we compared only the first order
reflections. In the case of second order reflections,
such as 222 and 400, the observed values of the
integrated intensity and line breadth are quite dif-
ferent from the theoretical ones obtained from the
two-wave-approximation. In this case, we should
calculate with the multiple-wave-theory.

§ 6. Discussion

a) As mentioned in § 2, (18) gives a correct ex-
pression for the scattering amplitude from a finite
crystal under the assumption that the z-axis is nor-
mal to the entrance surface or the wave vectors can
be assumed to be parallel to each other. In the case
where the angles between the wave vectors are not
negligibly small and the z-axis is much inclined to
the entrance surface, however, (18) is no more cor-
rect. We consider now the applicability of (18).

For simplicity, we adopt (26) as v (z.,z,) and
put v,=0 as in section 4. In the case where
the z-axis is perpendicular to the entrance surface
and the scattering angle a =1~ is small, the
scattering amplitude is given by

i _ Uh

(54)

=%/ varsrait sy
“2a) ) Vot (vn|/Ke)? (1+atandy)

*sin (vl;h Vghg + (! Un ]/K0)2 (1+a traH 7()/1) ) exp (L On

Dy,

9 )EXP( _inz ra) 'd(ra(m)’

where D) = (z, —z.)/cos ¥, is independent of the coordinate system. We consider next the case of the
z-axis parallel to K, . The angle between the z-axis and the normal of the entrance surface is ¥, and the

scattering amplitude is given by

_ 1 R . (Dy 2 (1. /K2 (. Dy i (h) e
Fy (K, K,) = e [[ Vor T (on Ky sm( = Voi2+ (v, |/Ky) ) exp (L on )exp( ixXn 1) d(r, ™) (55)

under the same approximation.

As seen easily from (54) and (55), the error
caused by the different z-axis is maximum at 0, =0
and is determined by the quantity a tan ¢, for small
Dy v,/Ky. If we take atan,=1/10 as a critical
condition and a = 1/50, the critical angle ¥, is about
78°. For large D, v;/K,, the error is determined
by the quantity (Djv,/4K,) atan?, rather than

11 See Fig. 8 in their work 19,

atanit,. If we take, for example, D, = 500 A,
Ky =100A"1, v, =2A"1 and a=1/50 and
(Dyv;/4 K,) atan?);,=1/10 as a critical condition.
the critical angle ¥, is about 64°. In actual case,
however, D, may be not so large as in the above
example, so long as we consider the scattering from
a polycrystalline foil. For a spherical crystal with
D =500 A, for example, D, at ©,=78° is about
100 A and (D), vs/K, ) a tan @, = 1/20. Furthermore,
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the contribution of the region with ¥, larger than
78° to the intensity may be small.

From the above consideration, we can conclude
that the errors arising from the selection of the
z-axis or neglect of the scattering angle are practi-
cally very small, though the estimation of errors in
a general case is very complicated. The above dis-
cussion shows that the present theory is essentially
equivalent to the column approximation which cor-
responds to dividing the crystal into columns par-
allel to the wave vector.

b) In section 4, a spherical crystal held in a par-
allel sided foil has been taken into account and the
mean potential which causes the refraction effect has
been neglected. The result showed an anomaly of the
line breadth of a DeBYE—ScHERRER ring. We can say
that this anomaly is due to a double refraction
based on the two wave fields in the crystal and call
this anomaly “dynamic effect of line breadth”.

Of course, it is not possible to fill up a parallel
sided foil with spherical crystallites and crystallites
in a foil cannot have only spherical form. The dy-
namic effect, however, should also appear when the
form and orientation of the crystallites is at ran-
dom and, if this is the case, the magnitude of the
dynamic effect may be of the same order as that
obtained from a spherical crystal.

The experiment of Horstmann and MEever has
shown good agreement with the theoretical values
of this dynamic effect regarding the dependence on
crystal size. The dependence on wave length should
be studied in future.
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Raerner of Hamburg University and Prof. Dr. K. Mo-
LiERE of Fritz-Haber-Institut for encouragements and
for giving the opportunity to work in their labora-
tories. — The author thanks Dr. M. Horstmanny and

Dr. G. Mever of Hamburg University and Dr. K. Kamse
of Fritz-Haber-Institut for helpful discussions.

Appendix

Elimination of the terms containing v, from the
Born-expansion
It is known 3, that, if

M +N=M,
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it follows that
Q2 (M +N) =922 (N)-Q+(Q), (A1)
where Q=[2%. (N)]7'M Q: (N). (A2)

If N is a constant matrix, then Q(N) is the ex-
ponential matrix

Q. (N) =exp[N(z—z)]

so that
Q=exp[-N(z—2z)] M exp[N(z—2z.)], (A2)

we identify

o, = 5 "4 " expl —ilgj, —5,) 21 (1= du0n).
]
7 X
Nr]igk - 2 7[1‘);/,‘ Oyj 9k s (A3)
so that
{exp[N(z—z:) 1}, :exp{ 5 ;;j (z—z¢) | Ogjan s
and
o ;v (1 1 iVgj-gk
Q!JJW: €xp [l 5 (F!/i ng) Ze 211!;}’
“exp[ —i(pg; — pox) 2] (1 — agj!lk)- (A4)
Here
2 o Vo l, . 7177‘
pei=9 3 (7~ 1) (A5)

is a redefined excitation error, taking acount of the
refraction. We have introduced in (A 5) the last
term —vy/2 I’y in order to get py=0. We finally
obtain

{42 (M) }, = exp

i — )| {9 ()
(A6)

where M is a matrix having only non-diagonal ele-
ments :

ng!lk(z) =

i Vgj-9k
2 Ty (A7)
- exp[ —i(pg; — pox) 2] (1 —0gjos) -



